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Abstract 



We consider brane world models with one extra dimension. In the bulk there 
is in addition to gravity a three form gauge potential or equivalently a scalar 
(by generalisation of electric magnetic duality). We find classical solutions 
for which the 4d effective cosmological constant is adjusted by choice of 
integration constants. No go theorems for such self-tuning mechanism are 
circumvented by unorthodox Lagrangians for the three form respectively the 
scalar. It is argued that the corresponding effective 4d theory always includes 
tachyonic Kaluza-Klein excitations or ghosts. Known no go theorems are 
extended to a general class of models with unorthodox Lagrangians. 



1 Introduction 



Cosmological evolution of the universe is well described by the Standard Big Bang Cosmology 
augmented with cold dark matter and cosmological constant as input parameters, the so called 
ACDM model. However, the observed cosmological constant is extremely small compared to 
the theoretical expectation with Planck-scale cutoff (by a factor of about lO"^^'^). Since there 
is no symmetry prediciting vanishing cosmological constant without conflicting observations, 
there must be a huge fine-tuning to cancel contributions of different origin and size to the 
cosmological constant at the observed level. This is the notorious cosmological constant 
problem. 

In this paper, we revisit the brane model with a three form field in 5d to obtain the flat 
space solution without a fine-tuning, namely, the self-tuning solution. The idea is that even 
if the cosmological constant on the brane, in other words, the brane tension, is arbitrary, 
its effective 4d value can be adjusted by choice of integration constants, i.e. without a fine- 
tuning [1, 2j. 

However, there is a no-go theorem for such self-tuning solutions with a canonical scalar 
field in 5d. In detail, it has been shown that either a naked singularity in the bulk or an 
infinite 4d Planck mass are unavoidable [3H5]- The first two references consider particular 
models whereas the third provides arguments valid for general scalar potentials. There were 
attempts of shielding the naked singularity of the self-tuning solutions with asymmetric warp 
factors by the blackhole-like horizon [6] but there is a no-go theorem associated with those 
too [?]• Instead of a canonical scalar field, an unorthodox action with a three form field or a 
dual scalar has been considered and shown to give rise to self-tuning solutions without naked 
singularity and with a finite 4d Planck mass [8^112]. (Later, unorthodox bulk matter has been 
considered in a different approach [l3].) 

More recently, it has been pointed out [1^ that the original self-tuning solutions with 
Lagrangian containing l/H"^, where is constructed from the field strength of the three 
form field, has tachyonic Kaluza-Klein (KK) masses under the perturbation of the dual scalar 
through the bulk spac^. Since there is no gap in the KK masses for the infinite extra 
dimension, the continuum of the tachyonic KK masses would pose a serious problem for the 
stability of the self-tuning solution. The motivation of this paper is to show whether the 
discovered instability is generic for the self-tuning solutions. 

For solving Einstein equations it proves useful to work with the bulk theory given in terms 
of a three form gauge potential, whereas the stability analysis is conveniently performed 
in its dual formulation with a bulk scalar. We first take an exponential type of the bulk 
Lagrangian, e^^ , as an alternative to the original self-tuning action with l/U"^. In this 
case, it is plausible to think of the bulk action as being derived from the effective action 
of string compactifications. The vacuum value of the field strength does not have to be 
nonzero in order to satisfy the field equation, so there might be a variety of the cosmological 
solutions, for instance, cosmic inflation and graceful exit might be described in the same setup. 
Furthermore, we can solve for a dual Lagrangian where a canonical kinetic term for the scalar 
is replaced by its Lambert W-function. From the action quadratic in scalar perturbations, 
it is seen that the self-tuning solution with Lagrangian has no 4d ghost but allows for 



^See also Ref. [TS] for the earlier discussion on the stability of the self-tuning solution. 
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tachyonic KK masses in some region of the bulk space. Then, we discuss the imphcation of 
the tachyonic KK masses for the cosmological constant problem in disguise. Furthermore, 
considering a general form of the bulk action with a three form field, we generalize the stability 
conditions for the self-tuning solution and find that perturbations of the self-tuning solution 
give rise to a ghost or tachyonic KK instability for any continuous form of the bulk action. 

The paper is organized as follows. We begin with the general discussion on the self-tuning 
solution and nearby curved solutions for a general form of the bulk action with a three form 
field. Then, choosing an example with Lagrangian , we analyze the action quadratic in 
perturbations in the dualization. We also derive the stability conditions of the quadratic 
action for a general form of the bulk action and compare them to the self-tuning condition. 
Finally, conclusions are drawn. 



2 Self-tuning model with a three form field 

Self-tuning solutions with a three form field [51-llOj and with a dual scalar [111I12^ [T^ have 
been considered in the past. In this class of models the general action is [9] 

S = j d^xdr^g\^^-K, + K{H^)^+ d^x^^, {-A^) . (1) 

We will parameterise the extra dimension by a 'radial' coordinate running from zero to infinity. 
The brane is positioned at r = vq. There are two cosmological constants in the 5d theory: 
is the bulk constant whereas Ai is the brane constant. The constant Ai contains effects of 
quantum fluctuations on the brane which are considered as integrated out. So, naturally, Ai 
is given by the cut-off scale of the QFT living on the brane, the 4d Planck mass for instance. 
Gravity is five dimensional and in addition there is a three form potential Af^fpg propagating 
in the bulk. Its U (1) invariant field strength is H and in all tangent space indices are 
contracted, i.e. 

Hmnpq = dyM^NPQ] ; H'^ = HmnpqH^^^^ ■ (2) 

In addition, a surface term is needed to cancel otherwise disturbing terms in the variation of 
(111), 



Ssurf = -2 J d'xdrdu (^^/^^^^^'^^^^^iVPQ^ . 



(3) 



Note, that this term vanishes if the expression under the partial derivative is continuous across 
the brane and vanishes for r = and r = oo. 



2.1 Self-tuning solutions 

For the 5d metric we choose the ansatz 

dv^ 

ds^ = (r) r^r^udx^'dx" + -pr^-:, (4) 
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where r]^u = diag (— 1, 1, 1, 1) denotes the 4d Minkowski metric. The Ricci tensor has the 
fohowing non vanishing components 



-4 4 



a af ' 
faa" + ff'aa' + 3f {a'f 



(5) 



The equation of motion(eom) for the three form potential reads 



dA4 



-9 



(6) 



To respect 4d Lorentz invariance we impose that nothing depends on the x^, and H^^^Q = 0. 
That is, the only non vanishing components are 



H, 



fj,upX 



iH2 



4! 



(7) 



where e^i^px is completely antisymmetric and eoi23 = 1- The expression under the squareroot 
is not negative due to the Minkowski signature. Then equation ([6]) is automatically satisfied. 
The energy momentum tensor of the three form is 



dK (H^) 
I 

dm 



HmpqrHn^^^- 



With ([7]) we find for the non- vanishing components 



K _ 2 



dK {H^ 

dm 



a^ilp.u- 



(8) 



(9) 



Taking into account also contributions from bulk and brane cosmological constants, the Ein- 
stein equations become 



/\2 



3faa" + 3ff'aa' + 3f (a' 



2 /„a2 



-A, - A,5 (r - ro) |/| + K (H^) - 2^^^^H' 



(10) 



a^rjf,^. (11) 



The rr component of Einstein's equation (jlOp can be used to solve for the rr metric component 



6 (a') 



(12) 



This implies that the right hand side should be positive. Now, we notice that our metric 
ansatz (j4]) allows for a choice of a (r) via redefinitions of the coordinate r. Restrictions on a 
arise when considering junction conditions at the brane. For the induced metric on the brane 
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to be well defined, metric components and should be continuous at r = tq. That implies 
that the only candidate to create the delta function singularity in (jlip is the term containing 
a". Hence, a! should jump when crossing the brane. A choice for a meeting that condition is 

a (r) = (ro — r) r + G (r — rg) — 



a'(r) = e(ro-r)-e(r-ro)||. 



(13) 



Indeed, we have a delta function singularity in a". 
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a" = -2(5(r-ro) + 2e(r-ro)^. (14) 

Matching the coefficients at the delta functions on left and right hand sides of (llip leads to 
the junction condition 

V-A. + i^(^2)|,=,„ = A|. (15) 

For constant K(^H^^, which is actually the Randall-Sundrum model, this is a fine tuning 
condition. However, for non trivial K [H'^) the left hand side (Ihs) can depend on integration 
constants. Hence, if equation (llSp can be solved for integration constants as a function of the 
other parameters (A;,, Ai and parameters appearing in K {H"^)) no fine tuning is imposed. 
Now, we solve the remaining non-singular part of (jlip . It is useful to rewrite (|12p as 

f = '-^{-At + K{H')), (16) 
where we used that Q (x) + G (—x) = 1. Then we get 

3//' = -(-A. + A-(^f=)) + -^i^ — . 

With that it is not difficult to see that I^Bj boils down to (for dK {H'^) /dH^ ^ 0) 

^e{r-ro)-Q{ro-r))r^=8H\ (17) 

A continuous solution is 

= -Q (e (ro - r) r"^ + 9 (r - vq) r^^^r~^) , (18) 

where Q is a positive integration constant. As a cross check we compute the effective 4d 
cosmological constant which is given by 



oo 



^id = dr^l^--Kk + K{H')-2 ^ g^j -eMro)Ai, (19) 

where the penultimate term is the surface term ([3|) with equation of motion ([6|) imposed. 
Plugging this in the metric anstatz (j4]) leads to 



Jo \f\ [ a a ' ^ dH^ ^ 

-a'(ro)Ai. (20) 
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Insertion of our solution (fT2]) . (fTlj) and pT|) yields 

/>oo 

A4d =8 / (5 (r - ro) 







4 /-A;, + K(if2) 



6 



5^0 



+ 2 { -4r 







-Ab + K{m) 1 dK{H^)dH^ 



6 2 ^6 (-Ab + K (i?2)) dH^ dr j 

ro^Ai, (21) 



where we substituted r — t- r^/r in the region between tq and infinity resulting in the factor 
of two in the second line of (j2ip . Finally, we get 



6 |r=ro Jo V * ^ 



_ 4 /z^VfK(^ 4. 

= 0, (22) 

where we assumed that K [H"^) is such that there is no contribution at r = (or r = oo) and 
used the junction condition (fT5]) . 

For the selftuning solution to be a non trivial candidate as a solution to the fine tuning 
problem of the cosmological constant we have to ensure that the 4d Planck mass is finite. 
Otherwise gravity decouples and there is no backreaction of vacuum energy on spacetime 
geometry. The 4d Planck mass is finite if the integral 

1= / dr^-, (23) 
Jo J 

relating the 5d Planck scale to the effective 4d Planck mass is finite. With our solution this 
integral takes the form 




6 r'o / 6 

A, + K{H^)=J, '^''^ -A, + K{-Q/x^y ^^^^ 

Requiring finite Planck mass poses conditions on the function K {H^)- An asymptotic AdS 
space at a = or r = is a sufficient condition for the self-tuning solution to give a finite 4d 
Planck mass, following the argument in Ref. jSj: 

a^K{H^) ^0 for a ^ 0. (25) 

Note, that there are also other conditions coming from the requirement that there should be 
no curvature singularities away from the brane's position. For instance, the canonical choice 
K {H^) ~ is excluded. 

2.2 Nearby curved solutions 

Even if there is a self-tuning flat solution for a given form of the action, nearby curved solutions 
are generically allowed too. In this section, we consider nearby curved solutions with nonzero 
4D effective cosmological constant and the junction condition to be satisfled on the brane. 
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For 4D maximally symmetric solutions with warp factor, the Einstein equations, (jlOp and 
(fTTj) . are modified to 



(a'f 6A 



1 



2 , Ab + K{H^)), 
3A 



3/W + 3//W + 3/2 {af 

-A,-A,6{r-ro)\f\+K{H^)-2 



dK (H^) „ 



(26) 



(27) 



where A is defined from the 4D Ricci tensor, = 3Ag'^jy. Then, the rr component of 
Einstein equation ()26|) can be solved for 



a2 /6A 



6 (a') Va 



(28) 



Choosing the warp factor to be as in eq. ()13p . the similar junction condition as for the flat 
solution leads to 



(29) 



\r=ro \/6 

Therefore, we get the 4D effective cosmological constant in terms of bulk and brane cosmo- 
logical constants and the parameter in the solution of the anti-symmetric tensor field. 



A = ^ 
6 



A? 



\Ab\ - K{H^ 



\r=ro 



(30) 



3 Self-tuning with Lambert dynamics 

In this section, we take an example for the self-tuning solution and study the stability against 
fluctuations of the three form potential, before going into the general discussion in next 
section. In order to circumvent gauge fixing issues we will perform the calculation in a dual 
picture where the three form is replaced by a scalar. Then, from the nearby curved solutions, 
we will also discuss the fine-tuning problem of obtaining the observed cosmological constant 
when an additional brane is introduced to cure the instability problem of tachyonic KK 
masses. 



3.1 The flat solutions 

The example takes the following form of the action [9] , 

K (H^) = -VeP^\ with V>0, p>0. 



(31) 



Then, from eq. (jl5p with = —Q/r'^, we obtain the junction condition for the brane with 
tension Ai located at r = ro as 



6Mf 



(32) 
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Thus, there is a solution to the above junction condition for |Ai| < \J 6M||A5|. Otherwise, 
there is no flat solution satisfying the junction condition!^. Next, we get 



-0 , \ 6 \ 6 / re" , , 

and hence a finite effective Planck mass (note that has to be negative for getting a non 
negative everywhere). 

To construct the action for a dual scalar we start with [111114] 

Sh = -\ d'x {V^Ve^^' - dMcPe'''^'''^^H^PQR} , (34) 
where we view (p and Hnpqr as independent fields. Varying ([5^ w.r.t. H^pqh yields 

aR</.6^^^^^« = 2 V^ypF^^^^Qe^'^' . (35) 

Computing the variational derivative w.r.t. (p we impose boundary conditions on the scalar 
variation such that 6<j)e^'^'^^'^ H^^p„ vanishes at r = and oo and is continuous across the 
brane. Then the (p equations of motion are 

9[M Hnpqr] = 0. (36) 

That is, Hmnpq can be written as a field strength of a three form potential. The equation 
of motion © follows from ([55]) and BmSn^^ = dNdM(p- So, together with the discussed 
boundary conditions on the scalar variation reproduces the action used in the previous section. 
The dual formulation is obtained by eliminating H via solving its algebraic equations of 
motion, i.e. 



Hmnpq = e e^MNPQ dRcp, (38) 



4! 



H^ = __^e-^pH'{d^)\ (39) 



Equation (j39p can be solved in terms of the Lambert W-function, W (z), which is defined by 
the equation 

Wiz)e^^'^=z. (40) 



Eq. (00]) matches 1^ with 



W^2pH' , z^-^idcpf. (41) 



The Lagrange multiplier part of the action is expressed in terms of the Lambert function as 

d^^^e^''''^<^ Hmnpq = V^VWe^"^. (42) 



^There are similar results in the case with K{H^) — too [S]. 
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So, finally, the dual action is given as 



Sh = j d'>x^{-V{l-W)e^ , 



where W is the Lambert function and its argument 



4! 



(43) 



(44) 



is the usual kinetic term in a conventional scalar Lagrangian. 

Now, we are going to expand the dual action around a classical solution. The classical 
solution can be read off from our dual solution 



Woe 



Wo 



In terms of scalar fluctuations, 6(p = (f) — (po, one gets 



2pQ _?PQ 
— ^e ^ . 



z- Zq 



2V^p 



(45) 



(46) 



where dots stand for terms of higher order in fluctuations. It is useful to note that there is a 
term quadratic in fluctuations in 



(z - ZoY 



Y4p2 



^0? 



+ ... 



(47) 



and all higher powers in z — zq contain higher order terms in fluctuations. 

To determine the action quadratic in scalar fluctuations we Taylor expand the action (j43p 
around z = zq till second order. To this end, we need the z-derivatives oi W at z = zq- These 
can be obtained from differentiating the defining equation (j40p w.r.t. z. In order to avoid 
confusion with r-derivatives we denote a z-derivative by a dot and place a subscript zero when 
the argument is zq. We obtain 





W = 


1 -w 
p 


W = 






1 + W ' 




d 

dz 


. vv' 

(1 -iy)e- 


1 w 
= — e 2 
2 


d^ 
dz^ 





2 + W 

{i + wf 

{l-W)fi- 



-2W 



1 



-e 2 



w 



4(1 + Ty) 

Collecting everything, we obtain for the action quadratic in scalar fluctuations 



Vp 



j d^xV^je-^a-V^^ 



+ 



e 2 / 



(48) 



(49) 



The last term gives rise to Kaluza Klein masses in an effective 4d theory. Non tachyonic KK 
masses arise if 

Wo > -1. (50) 



This is satisfied for the bulk region given by 

< r < ro and tq < r < rg/r* 



(51) 
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with r^: = (2pQy^^. Then, there are two options to avoid the instabihty of the tachyonic 
KK mode. First, we can cutoff the 5d space at r = r^, > and r = rp/r* < oo. This would 
demand the introduction of additional branes at r = ri > r* and r = r^/ri < r^/r^. In this 
case, we may hope to adjust the additional brane tensions with the extra volume determined 
by r^/rQ. Second, without introducing additional branes, the integral of the KK mass squared 
over the bulk may turn out to be positive because of the cancellation between < r < r^, and 
< r < tq. However, the very existence of the tachyonic KK modes at the short distances 
close to the AdS horizon would jeopardise perturbativity due to the bulk oscillation modes 
with frequencies smaller than 1/r*. 



3.2 The curved solutions 



As noted in the previous subsection, there are only curved solutions for the brane tension 
satisfying |Ai| > Y^6M||Ab|. For the nearby curved solutions, we can also consider a quadratic 
action for the perturbation of the dual scalar. It takes the same form as (j74p except that the 
4D flat metric r]^^ is replaced by the curved one g^'^{x) and the warped solution / is given by 
eq. (I28p . Thus, non-tachyonic KK masses arise under the same condition as eq. ()50p . From 
eq. (|30p with = —Q/r^, we get the brane junction condition as 



6M| 



lAJ + Fe-PQ/^o 



(52) 



where we have incorporated the dependence on the five dimensional Planck mass M5. This 
is obtained by multiplying the 5d Ricci scalar by M| in ([1]). So, as ro and Q parameters are 
arbitrary, the 4D effective cosmological constant A is undetermined. 

From the stability conditions on the nearby curved solutions, we can cut off the bulk 
by putting an additional brane with tension A2 at r = with r* = (2pQ)^^^ and restrict 
ourselves to the region, < r < ro or ro < r < rg/r^,. Therefore, similarly to eq. (j52]) . the 
junction condition on the second brane is 



AMI = ^ 
^ 6 



6M| 



lAbl + Ve-P^/''' 



{2pQ) 



1/4 



6 



6M| 



\Ab\+Ve- 



(53) 



Our strategy to investigate the amount of fine tuning needed to satisfy (j52p and (j53p will be 
as follows. We solve ([52]) by selftuning, i.e. by adjusting the integration constant Q. The 
right hand side of ()53p yields then the effective cosmological constant A for which we impose 
an upper bound given by observations. To be able to solve (j52p without too much initial 
fine-tuning vq should be such that 

1 



1 



-pQ/rf, 



> 



WO' 



This yields a relation between observer brane's and cutoff brane's postions 



(54) 



(55) 



The observational bound on A is 



(-0 




6 



-Aft - Ve-PQ/' 



(56) 
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where M4 denotes the 4d effective Planck mass and the second inequality is obtained as in 
([33]) . Plugging that into (j53|) we obtain {{tq — r'^)/rl 1 because of ([55]) ) 



10-120 > - \A,\+Ve-^^ ^.A,-Ve-l (57) 

Without fine-tuning there are no major cancellations among contributions on the right hand 
side of (i57|l . Therefore, we get conditions for each of the parameters 

^ , |A,| , \V\<W-''Ml. (58) 

Note, that since we imposed an initial tuning of 1/100 in (I52|) the same bound appears also 
for A2 replaced by Ai. Condition (j58p means either that quantities on the left hand side are 
composed of finely tuned cancelling contributions or that there is some symmetry above a 
scale 

Ms ~ lO-i^Ms (59) 

protecting these quantities against quantum corrections. Such a symmetry might, for instance, 
be supersymmetry. In any case, experiment provides a lower bound on its breaking scale 

Ms > ITeV. (60) 

In what follows we take Mg to be a TeV (anything above would increase the amount of fine- 
tuning to be found shortly). With our findings so far we obtain for the 4d effective Planck 
mass 

M| ~ M|r2 10^° ~ M^V^IO^^ (61) 
With the symmetry breaking scale at about a TeV we find for the brane's position 

rl ^ rl ~ 10-^°. (62) 

It remains to check the first of the conditions in ()58p 

A^ < 10-^°M|, (63) 

where i = 1,2. Let's focus on the observer's brane at tq. Assuming broken supersymmetry 
at Ms we can parameterise fine-tuning by a number a as follows 

r^Ai = aMf, (64) 

where on the left hand side the vaccuum energy on the brane measured in Minkowski frame 
(i.e. canonical kinetic terms) appears. Hence, no fine-tuning corresponds to a ~ 1. However, 
condition ([63l) together with (f59l) and (f62]l yields 

a ~ 10"^^ (65) 

So, the amount of fine-tuning needed is about the same as in conventional 4d supersymmetric 
theories. 
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Once, we realize that we need severe fine-tuning we might as well increase the severeness 
of the bulk tuning condition (fM|) . That step is motivated by the hope of getting less severe 
conditions on the brane parameters at the price of increasing the number of fine-tuning 
conditions. We consider three cases parametrized as follows 



1 



-pQ/rl 



a^Mt 



(66) 



with 



(a,&) 



1, 



28 



, (1,1), (0,1) 



(67) 



The first case is the one we considered above. It is characterized by severe fine-tuning of 
the brane parameters and only mild tuning of bulk parameters. (No tuning of the bulk 
parameters would correspond to 6 = 0.) In the second case, fine-tuning is distributed equally 
between brane and bulk parameters, and in the last case fine-tuning is imposed only on bulk 
parameters. Performing an analysis similar to the one we carried out for the first case we 
obtain 



112 

a < 10 20+6/2 



(68) 



reproducing (I65p for the first case. For the second case of equally distributed fine-tuning we 
find 



a<10 



-45 



(69) 



So, indeed the amount of fine-tuning can be reduced by distributing it over bulk and brane 
parameters. The third case, with fine-tuning of bulk parameters only, leads to the most severe 
condition 



«< 10 



-224 



(70) 



4 General discussion and no-go theorem 



In this section, we discuss stability conditions for the general form of the action with a 
three-form field in 5d and show that those conditions are incompatible with the self-tuning 
condition. 

Following a similar procedure as in the previous section, for a general form of the bulk 
action with K{H'^), we get the dual scalar action as 



5duai = -y" d'^xV^GiW) 



where we find that the following G{W) is useful in deriving the no go theorem, 

8K 

G{W) = 2W-^ - K{W), W = H'^<0, 



(71) 



(72) 
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and the dual scalar is given by 



c /5K\2 



W 



(73) 



where a constant parameter c is chosen to be positive without loss of generality. Then, 
expanding the dual scalar around the background solution as (p = (po + Sep, we obtain the 
quadratic action for the scalar perturbation as 



dual 



-9 



dG 



z=zo 



+ cf(2z^ + —) 
V dz^ dz J 



l\2 



Thus, the conditions for neither ghost or tachyonic KK modes are 



dG 

dz 



<0, 



Z = ZQ 



2z- 



dz"^ dz ) 



< 0. 



z=zo 



Using the derivatives as follows, 

dG_ 

dz 
d'^G 



dz^ 
dG 
dW 



-J{W) 

JiW) 
dK 



dG 



dW 



dW 
dJ dG 
dW dW 



where use is made of eq. (j73]) and 

dW 



2>\ /dKy^ 
'~c\dw) 



dK ^^d'^Ki-i 

L 2W 

dW dW^. 



we rewrite the conditions given in eq. (j75|) as 

c \dw) 

3! 



> 0, 



B = 



l + 2zi 



dJ\(dK\~^ ^2 d'^G 

dm 



> 0. 



The second condition (|8ip is further simplified to 
B = A 



dw^\dwJ 



3\/dG\-i 
'~\dw) 



> 0. 



(74) 

(75) 

(76) 
(77) 
(78) 

(79) 

(80) 
(81) 

(82) 



7>- 

where use is made of 2W^^ 



dK I dG 
aw dw 



in the second equality. Eventually, independent 



of the sign of , we get the second condition ([8T]) as 

dG 



dW 



< 0. 



(83) 



We note that from A > 0, the function K{W) must be a monotonically decreasing function of 
W for W < 0. On the other hand, whether or not i? > is satisfied depends on the detailed 
form of the function K. 
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Together with the criterion for finite Planck mass (|25p . we now collect the necessary 
conditions for stable self-tuning solutions, 

1) \W\-^/^K{W) ^0 forl^^-oo, (84) 

2) ||<0, (85) 

where use is made oi W = = —Q/a^ in the first line. The first self-tuning condition (j84p 

fixes the asymptotic behavior of the function K{W) at W = — oo to have a power less than 
1 

4- 

Let's take some examples. For instance, for K{H'^) = = 1/W fH], we get |^ = 

-l/W^, G{W) = -3/W and §^ = S/W"^ > 0. Thus, this example leads to tachyonic 
KK modes. In general, for the form, K = A{—W)"^'^ with ^4 > and a being a constant 
parameter, the self-tuning condition ()84p leads to a < 1. On the other hand, from the 
positivity of the kinetic term, (|85p . we get q > 0, resulting in < a < 1 with the self- 
tuning condition. But, the non-tachyonic condition (I86p requires a < or q > 2, so it is not 
consistent with the self-tuning solution with no ghost. 

As the second example, we take K{H'^) = —e^ = —e^ p] so we get = —e^, 
G(W) = (1 - 2W)e^ and ^ = -(1 + 2W)e^ . Then, this does not give tachyonic modes 
only for W > -\. For another example with K{H'^) = \og{-H'^) [9], we get |^ = > 
and = -j^ < 0, so there are ghost modes in the case. 

Now we prove a no-go theorem. Condition (j86p can be written as (prime denotes derivative 
w.r.t. W) 

'y/-WK'^ > (87) 

This implies that \/ —WK' is monotonically increasing or, since K' < 0, that \/ —W \K'\ > 
is monotonically decreasing. This implies that 

V^\K'\ > 0, for W -oo, (88) 

On the other hand, taking W-^ of (f84l) yields 

{-W)iK' ^ for 1^ ^ -oo. (89) 

So, from ([88]) and ([89|) . self-tuning and stability seems not compatible. 

Let us consider two cases. The first case is that the second term of ()74p has the wrong 
sign for some region in the bulk whereas the first term has always the correct sign. This case 
has been encountered at the end of section 3.1 and the problem has been discussed in section 
3.2. 

The other potentially interesting case is that the second term in ()74p has always the correct 
sign. Then r dependence in fiuctuations is suppressed. We can integrate over r and hope that 
the effective kinetic term for the fiuctuations turns out with the correct sign. As discussed 
before, the tachyon-free condition is given by eq. (j86p or (j87p through the bulk, independent 
of whether the kinetic term is of correct sign or not. From our previous discussion, it is clear 
that K must have the wrong sign for W — t- — oo (r — t- 0) (to avoid conclusion (1880 ). We 
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also need a region in which K' is negative to have contributions potentially cancelling the 
ones with the wrong sign. First, we assume that K' is continuous. Then there must be some 
position Wq where K' (Wq) = 0. Further, Wq < since otherwise the brane at r = rg would 
be localised at infinity. Evaluating (fHTI) at Wq yields 

K" (Wo) > 0. 

That means K should have a local minimum there. This contradicts our assumption that 
K changes from a monotonically increasing to a monotonically decreasing function at Wq. 
So, K' cannot be continuous. Next, we assume that K' has a removable singularity at Wq, 
i.e. it is finite and jumps by a finite amount from positive to negative. Then we would have 
a 5-function contribution with a negative sign to (|87p . Fluctuations localised at Wq would 
be destabilised. So, K' must diverge at some point W = Wq which implies that K is not 
continuous or diverges at = Wq. That would imply that our metric degenerates atW = Wq 
and we would need to cut off the extra dimension above that point. An example is 

A-.,ogi±^^ (90) 



5 Conclusions 



We have studied stability conditions for the self-tuning solutions with a brane in 5d gravity 
with the addition of a three form gauge potential. In this model, unorthodox bulk Lagrangians 
give rise to a general class of the self-tuning solutions where the 4d effective cosmological 
constant is adjusted by the change of integration constants, satisfying the absence of a naked 
singularity and the finiteness of the 4d Planck mass. We have performed the perturbation 
analysis for the 4d effective theory of such self-tuning solutions and have proved the no go 
theorem that there always exist tachyonic KK masses or ghosts for the self-tuning solutions 
with any continuous form of the bulk Lagrangian in this model. Choosing an exponential type 
of the bulk Lagrangian as an example, we showed that there is a KK tachyonic instability in 
some region of the bulk space and an extra brane introduced to cure the instability problem 
leads to a fine-tuning being as severe as in 4d. Therefore, a totally new idea would be required 
to circumvent the no go theorem and it would bring us one step further in understanding the 
cosmological constant problem in terms of self-tuning solutions. 
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